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Abstract 
Koekoek, R., The search for differential equations for certain sets of orthogonal polynomials, Journal of 
Computational and Applied Mathematics 49 (1993) 111-119. 
We look for differential equations of the form X=a~~(x)y(‘)(x) = 0, where the coefficients {ci(x>&?=, are 
continuous functions on the real line and where (c,(x)~+ are independent of n, for the generalized Jacobi 
polynomials {P,*x~,~,~( x)x=, and for generalized Laguerre polynomials {L~,“‘N(~)~=o which are orthogonal 
with respect to an inner product of Sobolev type. We use a method involving computer algebra packages like 
Maple and Mathematics and we will give some preliminary results. 
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1. Introduction 
In this paper we consider the polynomials {PE,P,M,N (.x)}~=, (see [7]) which are orthogonal on 
the interval [ - 1, l] with respect to the weight function 
T(a+p+2) 
2a+P+lqcx + 1>qp + 1) 
(1 -q(l +x)P +kqx + 1) +N6(x - l), 
where a> -1, p> -1, MaOand N>O. 
We also consider the polynomials {L”,,“,N(~)}~=O (see [6]) w ic are orthogonal with respect h’ h 
to the Sobolev inner product 
1 
(f, g> = / mx”ePxf(x)g(x) qx+1) 0 
dx + Mf(O)g(O) + Nf’(O)g’(O), 
where a> -1, M>O and NaO. 
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We are 
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looking for differential equations of the form 
m 
c c,(x)y"'(X) = 0, 
i=O 
satisfied by these sets of orthogonal polynomials, where the coefficients (c~<x>}~=, are continu- 
ous functions on the real line and {ci<x))~=i are independent of the degree at. 
In [2] we found a differential equation of the above type for the generalized Laguerre 
polynomials {L”,,“(~)}~=o (see [7]) for all (Y > - 1. These polynomials form a special case of the 
above-mentioned Sobolev-Laguerre polynomials, since L;,“*o(~> = L”,s”( x). The reader is 
referred to [2] and Section 2 of this paper for more results concerning the coefficients of this 
differential equation. 
The differential equation found in [2] was computed by hand, without the help of computers. 
This is nearly impossible for these other cases. We need computers to handle the very huge 
expressions we have to deal with. 
The method we used to find the results listed in this paper is explained in [4]. We refer to 
this report for more details. 
2. The infinite-order Laguerre differential equation 
In [2] the following theorem was proved without the use of computers. 
Theorem 1. For A4 > 0 the polynomials { L~“(~>}~=o satisfy a unique differential equation of the 
f or-m 
M 2 a,(x)y(‘)(x) +xy”(x) + (cy + 1 -x)y’(x) +ny(x) = 0, (1) 
i=O 
where (a,( x)}~=, are continuous functions on the real line and {a,(x>]~= 1 are independent of n. 
Moreover, the functions { ai<x)}~=o are polynomials given by 
I ao(x)=(n~~~1)7 ai = i ,$ (- l)i+‘+l( 4::) (a +:)(a + 3)i-jXj, (2) i=l,2,3 ,... . * I=1 
Later we discovered that the coefficients {ai(x)}~CI have the following interesting property. 
Theorem 2. The coefficients (ai(x)l~~I of the differential equation given by (1) and (2) satisfy 
L(x)= -yya+2ja+3) LFl(,:4~-4. a> -1. 
i=l 
For nonnegatiue integer values of o we have 
5 (k)a,(x)=(-l)“+kak(-x), k=1,2, 3 ,... . 
i=k 
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Note that this theorem implies for nonnegative integer values of cy: 
m m 
c ui(x) = 0 and c iui(x) = (- l)n+‘~. 
i=l i=l 
The proof of this theorem can be found in [4]. 
3. Some preliminary results for the Sobolev-Laguerre polynomials 
In this section we look for a differential equation of the form 
Cc m 
M c a,(x)y(')(x) +N c b,(x)y"'(X) 
i=O i=O 
+&IN 5 CRY"' +xy”(x) + (a + 1 -x)y’(x) + ny(x) = 0, 
i=O 
for the polynomials 
y(x) = Lt,M,N (x) =A,L’,*‘(x) +A&Ljp’(X) +A,-$L’,“‘(X), 
where the coefficients A,, A, and A, are defined by 
/ ++wQ+l)N 
(cx + l)(cX + 3) 
+( 
< 
A,=M(nLa)+ (n+)N(;f;r)+ 2MN (n;a)(n;r;‘), 
(a + 1) (a! + 1)2 
MN 
A,= n+CY 
+ (LY+l)2 n ( )( 
\ 
(3) 
(4) 
For details concerning these generalized Laguerre polynomials and their definition the reader 
is referred to [3,6]. 
Of course, since Lz,“,o (x) = Lt,“(~>, the coefficients (Ui(x>}~=o are given by (2). 
Although the general form is still an open problem so far, we know that the differential 
equation given by (3) is not unique as in the case of the differential equation (1). This is 
explained by the following theorem. 
Theorem 3. The polynomials { L~~“,N(~>}~,“= 1 satisfy the infinite-order differential equation 
co m 
c b”(a, x)y(‘)(x) +A4 c c& x)y"'(X) = 0, 
i=O i=O 
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where 
and 
WY i=. 1 2 
cf(c-2, x) = 7x1, ) ) )... . 
The proof is very easy and is based on the observation that 
f b”(a, x)D’+kLp’(x) = $, n > 1, k = 0, 1, 2, 
i=O 
and 
k = 0, 1, 2. 
By using these formulas and the definition (4) of the coefficients A,, A, and A, the result 
follows immediately. 
Again the reader is referred to the report [4] for more details. 
In the special cases (Y = 0, (Y = 1 and (Y = 2 differential equations of the form (3) are found 
explicitly. In these special cases of integer values of the parameter cx we find a linear 
differential equation of formal order 4a + 10. By formal order we mean that for special cases 
(M=OorN=O)th t e rue order might be lower. We will not give all results here, but we again 
refer to [4] for all details. 
As an example we give the result in the case (Y = 0. In that case we have found the following 
linear differential equation of formal order 10: 
&Mv?y(‘O)( x) + +4N(5X4 - x5)yC9)( X) 
+ [ &MN(72x3 - 45x4 + 4x5) - @x4] y@)(x) 
+ ( +MN(36x2 - 72x3 + 20x4 -x5) - $(4x3 -x4)]yC7)(x) 
+ [ &l4N( - 252x2 + 224x3 - 35x4+x5)+$V(-10x2+9x3-x4)]y@(x) 
+ [ $kUV(168Ox* - 840x3 + 75x4 -x5) + $V( -12X + 81x2 - 33x3 + 2X4)] yC5’(x) 
+ [ $WV( -420x* + 120x3 - 5x4) 
+ $V(24 + 36x - 150x* + 34x3 -x4) - $%fx*] y’“‘(x) 
+ [ $4N(15x2 - 2x3) + 3iV( -6 - 2x + 9x2 -.X3) +M(-2x+x*)]y(+) 
+ [ -$kNx* + $N(2 -x2) + +M(6x -x2) +x]y”(x) + [l- (M+ l)x]y’(x) 
+ &z[ MiV(n2 - l)(fi + 2)(2n + 1) + 10Nn(n2 - 1) + 60M(n + 1) + 1201 y(x) = 0, 
for the polynomials 
y(x) := LfJ/f,N (x) =&L,(x) +A,L’,(x) +A,L;(x), 
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with 
n (-l)k 
L,tx)~=~‘,u’(x)=k~o~(~)xk, n=o, 1,2 )...) 
and 
The results obtained in these three special cases give rise to the following conjecture. 
Conjecture. If (Y is a nonnegative integer, the polynomials {L~“‘N(~)}~=O satisfy a differential 
equation of formal order ICY + 10 which is of the form 
2a+4 2u+8 
A4 c aj(x)y(iyx) +N c p,(x)y"'(X) 
i=O i=O 
4a+lO 
+kfN c yJx)y(‘)(x) +xy”(x) + (a + 1 -x)y’(x) +ny(x) = 0, 
i=O 
where the coefficients {ai<x))FZlf4, {pi<~)}fZ~8 ad {ri(x#Zlfl’ are polynomials independent of n 
which satisfy 
2a+4 2a+8 4a+lO 
C ai( C Pi(‘)= C Yi(x>=“a 
i=l i=l i=l 
4. The generalized Jacobi polynomials 
In this section we will deal with the problem of finding a differential equation for the 
generalized Jacobi polynomials { P$P,M,N( x)}~=,. 
Since the well-known second-order differential equation for the classical Jacobi polynomials 
{P~‘“Pp’(x>}~=o is given by 
(l-x2)y”(x)+ [p-a-((~+p+2)x]y’(x)+n(n+a+p+l)y(x)=O, 
it is clear that we look for a differential equation of the form 
i=O i=O i=O 
where 
y(x) = p;AM,N (x) =A,P;*~P’(x) + [A,(1 -x) -A,(1 +x>] &P,(‘JQ(x) 
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and 
A, = 
A,= 
Here we used the same definition as in [7], but in a slightly different notation. 
In this case the differential equation will be unique in its general form if it exists. We 
introduce the notation 
I 
4x) =a,(n, a, P, x>, u&X) =L$((Y, p, X), i = 1, 2, 3,.. .) 
b,(x) =b,(n, a, P, x), b&X) =&((Y, p, X), i = 1, 2, 3,.. .) 
co(x) =ca(n, a, P, x>, Ci(X) = c&X, p, x), i = 1, 2, 3,.. . . 
Since the polynomials {P,“@~“~“<x>}~=~ satisfy the symmetry relation 
p;AKN (-x) = (- l)“P/“‘“,“(X), 
we have 
i 
a@, a, P, -x) =b,(n, P, a, x>, 
a,(a, p, -X) = (-l)‘b@, (Y, x), i = 1, 2, 3,. . . , 
and 
1 
c&r, a, P, -x> =ca(n, P, a, x>, 
c&X, p, -x) = (- l)‘Ci@, cr, x), i = 1, 2, 3,. . . . 
The general form is still an open problem, but the symmetric case /3 = Q and N = M 
turns out to be much less difficult. If j3 = (Y and N = M, we can choose c,(n) = 0 for all 
i=o,1,2 )... . 
In fact we have shown that there exists a differential equation of the form 
ME u,(x>y(‘)(x> + (1 -x2)y”(x) - ~(CX + l)xy’(x) +n(n + 2a + l)y(x) = 0, (5) 
i=o 
where 
Y(X) ‘P, a++J+) = c,p,c~@)(x) - c,x;ld;p!“~“‘(x) (6) 
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and 
f 2n 
C,=l+A4 
b + 1) ( Iz + 2,* + 1 1 
2 
+ 4~2 ( 12 +n2Tl+ 1 1 
, 
< 
,cl = (2a + 1) 
2M (n+n2CX)+ 
(::;)jn;?:)(n+:+l). 
(7) 
This differential equation turns out not to be unique. We write 
i 
uo(x) :=a&, CY, x), It = 0, 1, 2,. ..) 
Ui(X) := u&X, x), i= 1,2,3 )... . 
If we substitute (6) and (7) in the differential equation (51, then we finally find three 
equations for the coefficients {a,<~)}~=~ which are equivalent to the following two: 
; ui(x)DiP,(*,“‘(x) = 
i=o 
and 
~~ok~(x)D’p!“.“‘(x) +x c Lzi(x)Di+lP;a,~)(x) = 4( Iz ‘,“(y: l)-$P;a,a)(x). 
i=O 
We introduce the notation 
i 
a,(% a, x) =a,(19 (Y, x)b,(n, (Y, x) +c,(n, LX, x), n = 0, 1, 2 ,..*, 
a&, x) = a&, a, x)Q% x) + c@, x), i= 1,2, 3 )... . 
Now u&l, (Y, x) is arbitrary, but {bi<x))~=, and (c~(x)};+ are uniquely determined. The 
explicit form of these coefficients is given in the two theorems below. 
Theorem 4. The polynomials { Pz,a,M,M <x>}~=, satisfy the linear infinite-order differential equation 
given by 
E bi( x)y@( x) = 0, 
i=O 
where 
i 
b,(x) := b,(n, (Y, x) = i[l - (-l)“], n = 0, 1, 2 ,..., 
hi(x) := bi(a, x) = E& -x)i, i= 1, 2,3 ,... . 
Now we come to our main result. 
Theorem 5. The polynomials {P~,a7M,M(x)}~=0 satisfy the differential equation given by 
A4 e c,(x)y”)(x) + (1 -x’)y”(x) - 2((~ + l)xy’(x) + n(n + 2a + l)y(x) = 0, 
i=O 
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where the coefficients {c~<x>}~~~ are defined by 
c&):=c,,(~, (Y, x)=4(2~~+3)(‘+n”~~+~), n=O, 1,2 ,..., 
and 
ci(x) = (2a + 3)(1 -x2)ci*(x), i = 1, 2, 3 ,..., 
where 
(CT(X) := cl*(a, x) = 0, 
i=2,3,4,... . 
We remark that this theorem implies that if LY is a nonnegative integer, the polynomials 
R a@,M,M(~)}z=O satisfy a linear differential equation of formal order 2a + 4. 
Finally, we note that, since 
F 2 1 
i 
-i+l,a+$-i 
1 
z ii 
1 = (--(Y-2+i)i-l 
(3-l 
, i=l,2,3 ,..., 
and 
F 2 1 
i 
-i+l,cr+$--i 
3 
? Ii 
1 = (--(Y-l+i)i-l 
(S)i-I 
, i=l,2,3 ,..., 
we have 
c CZ(% 
i=l 
-l)= 2 
4 (--(Y - l)i_l (-_(y - 2 + i)i_l 
i=l (+)i(1),4i (i - l)! (+)i-I 
=2g (-a-I),(-a-l+i)i 
i=O i! ( +)i(2)i( 3)i 
m 8((~+1) (-a)i_r (-CX-l+i)i_r 
-‘) = - iF1 (1)i(+)i4i (i - l)! (Z)i-l 
= 
and 
i: Czi+d~, 
i=O 
In the same way we find 
$(a + 1) 2 
(-a)2i m (--(y - l)2i+l 
=- 
i=. (2i + l)! (4)2i22i = 2iFo (2i + l)! (3)2i+l 22i+‘. 
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and 
2 c.i+1(a, 1) = -2 E (- - U2ifl 22’fl. 
i=O i=O pi + I)! (3)2i+1 
This implies that 
m m cc 
c cf+x, -1) = c c;(a, -1) + c C;i+l(q -1) 
i=l i=l i=o 
and 
m m cc 
c c*(% 1) = c c&(w 1) + c C;*iitl(QI> 1) 
i=l i=l i=O 
Remark. The proof of Theorem 5 will be given in [5]. Further we remark that this result proves 
one of the conjectures in [l]. 
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